Introduction {#Sec1}
============

The goal of this paper is to explain and exploit a link between magnetic zero-modes of the Dirac operator on Euclidean 3-space and vortices on the 2-sphere via a particular family of geometries on the 3-sphere.

The 3-sphere geometries are obtained from the standard round geometry via pull-back with a family of maps $\documentclass[12pt]{minimal}
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                \begin{document}$$S^3\rightarrow S^3$$\end{document}$ which are bundle maps of the Hopf fibration and cover holomorphic maps $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S^2\rightarrow S^2$$\end{document}$. The bundle maps are given in terms of two complex polynomials, and one consequence of our analysis is a manifestly smooth and square-integrable expression both for the magnetic zero-modes and the vortex configurations in terms of these polynomials. Another is an interpretation of vortices on $\documentclass[12pt]{minimal}
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                \begin{document}$$S^2$$\end{document}$ in terms of Cartan geometry. In the remainder of this introduction we sketch the context for our results.

The problem of determining magnetic zero-modes of the Dirac operator in Euclidean 3-space was first posed and addressed in an influential paper by Loss and Yau \[[@CR1]\] in 1986. Motivated by questions about the stability of atoms, the authors were interested in finding spinors $\documentclass[12pt]{minimal}
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                \begin{document}$$\varPsi $$\end{document}$ and magnetic gauge potentials *A* on $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {R}^3$$\end{document}$ such that $\documentclass[12pt]{minimal}
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                \begin{document}$$\varPsi $$\end{document}$ is a zero-mode of the (static) Dirac operator minimally coupled to *A*, and both the associated magnetic field and the spinor are square-integrable. In this paper, we call pairs of spinors $\documentclass[12pt]{minimal}
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                \begin{document}$$\varPsi $$\end{document}$ and magnetic gauge potentials *A* satisfying this condition magnetic zero-modes.

Loss and Yau gave explicit expressions for one family of magnetic zero-modes, which we call linear in the following, and derived a formula which determines a gauge field for a given spinor field such that the pair form a magnetic zero-mode. This formula is singular where the spinor field vanishes, but it was, nonetheless, used by Adam, Muratori and Nash (AMN) in a series of papers \[[@CR2]--[@CR4]\] to obtain magnetic zero-modes which satisfy an additional nonlinear equation, and which we call vortex zero-modes in this paper. AMN observed that their solutions can be expressed in terms of solutions of the Liouville equation on $\documentclass[12pt]{minimal}
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                \begin{document}$$S^2$$\end{document}$ and addressed the singularities in the resulting formulae. In \[[@CR2]\], they also pointed out that the coupled Dirac and nonlinear equation can be obtained as the dimensional reduction in a perturbed Seiberg--Witten equation on $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {R}^4$$\end{document}$ with a crucial sign flip (the resulting equation is often called the Freund equation).

In 2000, Erdös and Solovej pointed out that the geometry underlying the existence of magnetic zero-modes is the conformal equivalence of $\documentclass[12pt]{minimal}
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                \begin{document}$$S^3{\setminus } \{ \text {point}\}$$\end{document}$ and the Hopf fibration of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S^3$$\end{document}$ over $\documentclass[12pt]{minimal}
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                \begin{document}$$S^2$$\end{document}$ \[[@CR5]\]. This was used in \[[@CR6], [@CR7]\] to show that the linear magnetic zero-modes found by Loss and Yau can be obtained directly by pulling eigenmodes (of any energy) of the Dirac operator on $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {R}^3$$\end{document}$.

One motivation for this paper was to find a similarly geometrical but also explicit understanding of the vortex zero-modes, i.e. to use the geometrical insight of Erdös and Solovej for a better understanding and improvement in the formulae derived by AMN. A second motivation was to explore links to a vortex equation for a scalar Higgs field and an abelian gauge field on $\documentclass[12pt]{minimal}
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                \begin{document}$$S^2$$\end{document}$, recently proposed by Popov. The existence of such links is suggested by the appearance of the same data in Popov vortex solutions and the AMN expressions for magnetic zero-modes; it is the reason why we call the latter vortex zero-modes.

The Popov vortex equations were obtained in \[[@CR8]\] as the reduction by *SU*(1, 1) symmetry of the self-duality equations for *SU*(1, 1) Yang--Mills theory on the product of the 2-sphere with hyperbolic 2-space. In \[[@CR9]\], Manton pointed out that the Popov vortex equations can be solved in terms of rational maps $\documentclass[12pt]{minimal}
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                \begin{document}$$S^2\rightarrow S^2$$\end{document}$. His solution turns out to be a particularly simple illustration of an interesting subsequent observation by Baptista \[[@CR10]\] that Bogmol'nyi vortex equations on a Kähler surface can be interpreted as degenerate Hermitian metrics.

In the terminology of Baptista's paper, Manton showed that Popov vortices encode the geometry of the pull-back of the round metric on $\documentclass[12pt]{minimal}
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                \begin{document}$$S^2$$\end{document}$ with a rational map. If the rational map has degree *n*, the metric necessarily has conical singularities at the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$2n-2$$\end{document}$ ramification points, which are also the zeros of the vortex Higgs field.
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                \begin{document}$$S^3$$\end{document}$. This is geometrically natural for Popov vortices, since they live on a *U*(1) bundle over $\documentclass[12pt]{minimal}
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                \begin{document}$$S^2$$\end{document}$ whose total space is the Lens space $\documentclass[12pt]{minimal}
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                \begin{document}$$S^3/\mathbb {Z}_{2n-2}$$\end{document}$. Manton's rational map characterising the vortex lifts to a bundle map $\documentclass[12pt]{minimal}
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                \begin{document}$$S^3\rightarrow S^3$$\end{document}$, and the pull-back of the round metric on $\documentclass[12pt]{minimal}
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                \begin{document}$$S^3$$\end{document}$ with this bundle map defines a metric which, generalising Baptista's viewpoint, encodes a vortex configuration on $\documentclass[12pt]{minimal}
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                \begin{document}$$S^3$$\end{document}$. We then show that such a vortex configuration defines a magnetic zero-mode of the Dirac operator on $\documentclass[12pt]{minimal}
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                \begin{document}$$S^3$$\end{document}$. Using conformal equivalence we obtain the advertised smooth and manifestly square-integrable expression for vortex zero-modes on $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {R}^3$$\end{document}$ and, at the same time, establish the expected link to Popov vortices.
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                \begin{document}$$S^3$$\end{document}$ is the Lie group *SU*(2) allows one to encode the round geometry of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S^3$$\end{document}$ in the Maurer--Cartan form $\documentclass[12pt]{minimal}
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                \begin{document}$$h^{-1}\hbox {d}h$$\end{document}$. In Cartan geometry, the same form also encodes the geometry of the round geometry of $\documentclass[12pt]{minimal}
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                \begin{document}$$S^2$$\end{document}$ by combining the orthonormal frame field with the spin connection 1-form of $\documentclass[12pt]{minimal}
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                \begin{document}$$S^2$$\end{document}$. Since all the geometries we discuss in this paper are pulled back from the round geometries of $\documentclass[12pt]{minimal}
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                \begin{document}$$S^3$$\end{document}$, it is not surprising that many of our results can be stated succinctly in terms of the pull-back of the Maurer--Cartan form via the bundle map $\documentclass[12pt]{minimal}
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                \begin{document}$$S^3\rightarrow S^3$$\end{document}$. In fact, the flatness condition of the *su*(2) gauge potentials defined by these pull-backs turns out to be equivalent to our vortex equations on $\documentclass[12pt]{minimal}
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                \begin{document}$$S^2$$\end{document}$. This adds a further, non-abelian interpretation of the vortex zero-modes. It also provides an intriguing link with the self-duality equations for *SU*(1, 1) gauge fields from which the Popov equations arose.

In this paper we are interested in the geometry linking magnetic zero-modes and vortices, but also in manifestly smooth expressions for both. The paper contains a number of explicit calculations and formulae, and we therefore need to lay out conventions and coordinates in some detail at the beginning. To help the reader keep sight of the bigger picture, we have also produced a summary diagram of the geometries and the maps between them in Fig. [3](#Fig3){ref-type="fig"}. Although the picture is part of our final summary section, the reader may find it helpful to refer to it now or while reading the paper.

The paper is organised as follows. In Sect. [2](#Sec2){ref-type="sec"} we collect our conventions for parameterising *SU*(2) both as a Lie group and a round 3-sphere, give the stereographic and gnomonic projection from $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {R}^3$$\end{document}$ in these coordinates, and explain how both enter a simple formula for relating orthonormal frames on $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {R}^3$$\end{document}$ and for mapping zero-modes of magnetic Dirac operators on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S^3$$\end{document}$ to zero-modes of magnetic Dirac operators on $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {R}^3$$\end{document}$. While the conformal covariance of the kernel of the Dirac operator is, of course, well known, we are not aware of a treatment which emphasises the role of the gnomonic projection in the way we do. We illustrate our discussion by constructing the linear magnetic zero-modes on $\documentclass[12pt]{minimal}
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                \begin{document}$$S^3$$\end{document}$ in our conventions.

Section [3](#Sec6){ref-type="sec"} contains our definition of vortex configurations on $\documentclass[12pt]{minimal}
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                \begin{document}$$S^3$$\end{document}$ and some of our main results: the equivalence between vortex configurations on $\documentclass[12pt]{minimal}
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                \begin{document}$$S^3$$\end{document}$ and flat *su*(2) gauge potentials, an expression for both in terms of bundle maps $\documentclass[12pt]{minimal}
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                \begin{document}$$S^3\rightarrow S^3$$\end{document}$, and the construction of magnetic zero-modes on both $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {R}^3$$\end{document}$ from vortex configurations. The allowed bundle maps can be expressed in terms of two polynomials, thus leading to the promised formulae for magnetic zero-modes. The section ends with a brief discussion of how linear and vortex zero-modes can be combined to form new magnetic zero-modes.

In Sect. [4](#Sec10){ref-type="sec"} we review the definition of Popov vortices and show that our vortex configurations on $\documentclass[12pt]{minimal}
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                \begin{document}$$S^2\rightarrow S^2$$\end{document}$ used by Manton for solving the Popov equations and interpret the pull-back to $\documentclass[12pt]{minimal}
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Finally, Sect. [5](#Sec15){ref-type="sec"} contains a summary in the form of a diagram in Fig. [3](#Fig3){ref-type="fig"} and an outlook onto open questions.
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============================================================================================

Conventions for *SU*(2) and the Hopf map {#Sec3}
----------------------------------------

We adopt the conventions of \[[@CR11], [@CR12]\] and use the *su*(2) generators$$\documentclass[12pt]{minimal}
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                \begin{document}$$[t_i,t_j]=\epsilon _{ijk}t_k$$\end{document}$. Often we will work in terms of$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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In this paper we parameterise the 2-sphere via stereographic projection in terms of a coordinate $\documentclass[12pt]{minimal}
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Stereographic projection and frames {#Sec4}
-----------------------------------

In the remainder of this paper, we consider a 2-sphere of radius $\documentclass[12pt]{minimal}
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A recurring theme in this paper is the interplay between the stereographic projection and the gnomonic projection, often used in cartography, which maps great circles to straight lines. The inverse of the gnomonic projection is the map$$\documentclass[12pt]{minimal}
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Magnetic Dirac operators and their zero-modes {#Sec5}
---------------------------------------------
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### Lemma 2.2 {#FPar3}
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### Proof {#FPar4}
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This lemma can be used to construct magnetic zero-modes on $\documentclass[12pt]{minimal}
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We review the construction of the linear zero-modes very briefly here because we will need them later in this paper, expressed in our conventions for parameterising $\documentclass[12pt]{minimal}
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We can now use a trick introduced by Loss and Yau \[[@CR1]\] to obtain zero-modes of the gauged Dirac operator from general eigenmodes of the ungauged Dirac operator. Setting$$\documentclass[12pt]{minimal}
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Vortex equations and magnetic zero-modes {#Sec6}
========================================
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We are now ready to introduce the 3-dimensional geometries which will lead us to the smooth vortex zero-modes promised in the Introduction and provide the link with vortices on the 2-sphere. First, we define vortex configurations on the 3-sphere.

### Definition 3.1 {#FPar5}
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### Theorem 3.2 {#FPar6}
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In order to make contact with discussions in the literature related to the potential *A* we note an expression for *A* in terms of polar coordinates, for later use.

### Lemma 3.3 {#FPar8}
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Magnetic zero-modes from vortices {#Sec8}
---------------------------------

We are now ready to explain how one can construct magnetic zero-modes of the Dirac operator on the 3-sphere and on Euclidean 3-space from vortex configurations on the 3-sphere. We define spinorial vortex zero-modes as follows.

### Definition 3.4 {#FPar10}
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### Proof {#FPar12}
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We claim that vortex zero-modes of the Dirac equation pull back to solutions of the following coupled equations in $\documentclass[12pt]{minimal}
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### Corollary 3.6 {#FPar13}
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We also need to understand the pull-back of the nonlinear equation in ([3.40](#Equ102){ref-type=""}). The quadratic term in the zero-mode $\documentclass[12pt]{minimal}
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The coupled equations ([3.46](#Equ108){ref-type=""}) have appeared in the literature in various contexts and deserve a few comments. There are various ways of stating these equations. Rescaling the spinor by a factor of $\documentclass[12pt]{minimal}
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The magnetic field on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {R}^3$$\end{document}$ obtained from the pair of complex polynomials $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P_1,P_2$$\end{document}$ can be written in terms of the Hopf map $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi $$\end{document}$ and the maps *H* ([2.26](#Equ26){ref-type=""}) and *U* ([3.8](#Equ70){ref-type=""}) as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} F=(\pi \circ U \circ H)^*\mathcal {R}, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {R}$$\end{document}$ is the area form on the 2-sphere of unit radius ([4.7](#Equ142){ref-type=""}), which will play an important role in the next section. This is an example of the magnetic field introduced by Rañada in \[[@CR13]\] and discussed more recently in \[[@CR14]\]. It has interesting topological properties inherited from those of the map $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$U:S^3\rightarrow S^3$$\end{document}$, which, as explained after diagram [3.18](#Equ80){ref-type=""}, has topological degree $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n^2$$\end{document}$. As also explained there, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi \circ U:S^3\rightarrow S^2$$\end{document}$ has Hopf number $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n^2$$\end{document}$. As discussed in \[[@CR15]\], this implies that the magnetic field ([3.56](#Equ118){ref-type=""}) has linking number one and (magnetic) helicity $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n^2$$\end{document}$.
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Formula ([3.62](#Equ124){ref-type=""}) is the starting point of several treatments in the literature of magnetic zero-modes, particularly in the papers \[[@CR2]--[@CR4]\] by Adam, Muratori and Nash (AMN). The AMN construction gives magnetic zero-modes in terms of solutions of the Liouville equation. However, by effectively pulling back local expressions for sections on $\documentclass[12pt]{minimal}
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Zero-mode combinatorics {#Sec9}
-----------------------

It is natural to wonder if the linear magnetic zero-modes ([2.62](#Equ62){ref-type=""}) and the vortex zero-modes ([3.47](#Equ109){ref-type=""}) can be combined to produce new zero-modes. This is indeed possible when one picks $\documentclass[12pt]{minimal}
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There is an obvious mirror version of all our solutions in the anti-holomorphic world: for negative *n* and $\documentclass[12pt]{minimal}
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We now turn to the promised explanation of the link between our vortex equations on $\documentclass[12pt]{minimal}
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In a stereographic coordinate *z* defined by projection from the south pole, the round metric of a 2-sphere of arbitrary radius $\documentclass[12pt]{minimal}
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We would like to relate the Popov equations and their solutions to vortices on the 3-sphere studied in Sect. [3.1](#Sec7){ref-type="sec"}. As reviewed in Sect. [2.1](#Sec3){ref-type="sec"} the Hopf projection $\documentclass[12pt]{minimal}
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### Lemma 4.1 {#FPar17}
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Geometrical interpretation and singularities {#Sec12}
--------------------------------------------

It is implicit in our summary, particularly in Eq. ([4.9](#Equ144){ref-type=""}), that Popov vortices can also be interpreted purely geometrically. A metric viewpoint was emphasised and discussed in the more general context of vortex equation on a Riemann surface with a Kähler metric in \[[@CR10]\]. In that paper, Baptista pointed out that vortices on a surface with metric *g* define a new geometry by rescaling with the Higgs field$$\documentclass[12pt]{minimal}
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By virtue of *a* being a connection on a line bundle of degree $\documentclass[12pt]{minimal}
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In the metric interpretation, the zeros of the Higgs field lead to singularities, whereas the actual singularities of the Higgs field do not appear to play a special role. To understand the geometric interpretation of the singularities of the Higgs field, we need to consider the frame field defined by it. The complexified frame field$$\documentclass[12pt]{minimal}
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This interpretation is gauge dependent. Using ([4.20](#Equ155){ref-type=""}), we find that the frame field$$\documentclass[12pt]{minimal}
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Our discussion shows that any description of the magnetic zero-modes in terms of the Popov vortex fields invariably has singularities since the Popov vortex is a section of and a connection on a non-trivial bundle, neither of which permits a globally smooth expression. This also applies to the expressions derived in \[[@CR3], [@CR4]\], which, in our terminology, express the magnetic zero-modes in terms of the modulus and phase of a scalar Popov vortex field (whose modulus obeys a Liouville equation). While one can shift the location of the singularities with gauge transformations, one cannot remove them on $\documentclass[12pt]{minimal}
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Gauge potentials for Cartan connections {#Sec13}
---------------------------------------

Cartan connections combine the frame and spin connection into a non-abelian connection. We now show how the results of the previous section can be expressed in the language of Cartan geometry. We first exhibit a local gauge potential for a Cartan connection constructed from the frame and connection defined by a Popov vortex, and then show how it is related to the gauge potential $\documentclass[12pt]{minimal}
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### Lemma 4.2 {#FPar19}

Combine the frame ([4.2](#Equ137){ref-type=""}) and spin connection ([4.4](#Equ139){ref-type=""}) of the 2-sphere into the *su*(2) gauge potential$$\documentclass[12pt]{minimal}
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In the language of Cartan connections, this lemma says that $\documentclass[12pt]{minimal}
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### Proof {#FPar20}

Calculating the curvature of the connection $\documentclass[12pt]{minimal}
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### Lemma 4.3 {#FPar21}

With *s* defined as in ([2.16](#Equ16){ref-type=""}), the gauge potential for the Cartan connection of the 2-sphere is trivialised by *s*:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \hat{A} = s^{-1} \hbox {d}s. \end{aligned}$$\end{document}$$Moreover, if *U* is the bundle map ([3.8](#Equ70){ref-type=""}) covering the rational map $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R=p_2/p_1$$\end{document}$, the gauge potential $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R^{*}A$$\end{document}$ for the deformed Cartan geometry and the pull-back via *s* of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {A}=U^{-1}\hbox {d}U$$\end{document}$ are related through the singular gauge transformation $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r_{p_1}$$\end{document}$:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} R^*\hat{A} =r_{p_1}^{-1}s^*\left( {\mathcal {A}}\right) r_{p_1}+r_{p_1}^{-1}\hbox {d}r_{p_1}. \end{aligned}$$\end{document}$$

### Proof {#FPar22}
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Cartan geometry {#Sec14}
---------------

Our description of the geometry of the 2-sphere and its pull-back via the rational map *R* in terms of *su*(2) gauge potentials has been entirely local so far. It is time to address the global geometrical structure behind these gauge potentials. We will specify the bundles and the connections for which ([4.33](#Equ168){ref-type=""}) and ([4.35](#Equ170){ref-type=""}) are local gauge potentials in the language of Cartan geometry, but refer the reader to the textbook \[[@CR16]\] and particularly to the PhD thesis \[[@CR17]\] for general definitions and facts about Cartan geometry.

Cartan connections describe the geometry of manifolds modelled on homogeneous spaces *G* / *H* in terms of a connection on a principal *G*-bundle *Q* over this manifold. In order to recover the geometry of a manifold from a Cartan connection one needs an additional structure, namely a section of an associated *G* / *H* bundle which is transverse to the connection or, equivalently (as explained in \[[@CR17]\]), a principal *H* subbundle *P* of *Q* which is transverse to the connection.
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To end this section, we also exhibit the second way in which one recovers geometry from a Cartan connection. As mentioned earlier, this requires a transverse section of the $\documentclass[12pt]{minimal}
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Summary and outlook {#Sec15}
===================

The equations, spaces and maps studied in this paper are summarised in Fig. [3](#Fig3){ref-type="fig"}, with magnetic zero-modes on the top left of the picture and the Popov vortex equations on the bottom. The geometry of the 3-sphere, as encoded in the Maurer--Cartan form $\documentclass[12pt]{minimal}
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We believe that our results provide a fully geometrical understanding of magnetic zero-modes on $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {R}^3$$\end{document}$ and would like to stress the practical advantage of having manifestly singularity-free and square-integrable formulae. Previous expressions based on the Loss--Yau formula ([3.62](#Equ124){ref-type=""}) have singularities where the spinor field vanishes, see also our discussion at the end of Sect. [4.2](#Sec12){ref-type="sec"}.Fig. 3A summary of the equations and maps studied in this paper

The diagram in Fig. [3](#Fig3){ref-type="fig"} shows that the structures studied in this paper are closely related to many of the most studied topological solitons \[[@CR18]\]. Apart from the obvious vortex configurations, the maps *U* and their pull-backs $\documentclass[12pt]{minimal}
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It is clear that much of what we discussed in this paper has a close analogue in a Lorentzian and hyperbolic setting, where the 2-sphere is replaced by hyperbolic 2-space, the 3-sphere by 3-dimensional anti-de Sitter space (or *SU*(2) by *SU*(1, 1)), and Euclidean $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {R}^{2,1}$$\end{document}$. Spelling this out is the topic of a forthcoming paper \[[@CR19]\]. However, one should also consider further generalisations suggested by the origin of the Popov equations in self-duality.

As we briefly mentioned in the Introduction, the Popov equations are symmetry reduction of the self-duality equations for *SU*(1, 1) instantons on $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {R}^4$$\end{document}$. In fact, there is a whole family of integrable vortex equations recently studied by Manton \[[@CR20]\] which have similar links to self-duality equations, with the relevant gauge group depending on the vortex equation \[[@CR21]\]. It is intriguing that, for Popov vortices, the non-abelian gauge group *SU*(1, 1) needed for the self-dual connection differs from the *SU*(2) we used in our description in terms of flat Cartan connections. It would be interesting to understand both viewpoints and their relationship systematically for the family of integrable vortex equations studied in \[[@CR20]\].

To end, we point out that interactions of spinors with linked magnetic fields of the form ([3.56](#Equ118){ref-type=""}) are currently much discussed in atomic and condensed matter physics, where the spinors arise as an effective description of nearly degenerate states of ultra-cold atomic Bose-Einstein condensates, and the magnetic field as the curvature of a Berry connection, see, for example, the papers \[[@CR22], [@CR23]\] for a review. Our explicit expression for more general magnetic zero-modes may prove useful in that context.
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